In the type-I seesaw model the size of mixing between light and heavy neutrinos, ν and N , respectively, is of order the square root of their mass ratio, (m ν /m N ) 1/2 , with only one generation of the neutrinos. Since the light-neutrino mass must be less than an eV or so, the mixing would be very small, even for a heavy-neutrino mass of order a few hundred GeV. This would make it unlikely to test the model directly at the LHC, as the amplitude for producing the heavy neutrino is proportional to the mixing size. However, it has been realized for some time that, with more than one generation of light and heavy neutrinos, the mixing can be significantly larger in certain situations. In this paper we explore this possibility further and consider specific examples in detail in the context of type-I seesaw. We study its implications for the single production of the heavy neutrinos at the LHC via the main channel qq ′ → W * → lN involving an ordinary charged lepton l. We then extend the discussion to the type-III seesaw model, which has richer phenomenology due to presence of the charged partners of the heavy neutrinos, and examine the implications for the single production of these heavy leptons at the LHC. In the latter model the new kinds of solutions that we find also make it possible to have sizable flavor-changing neutral-current effects in processes involving ordinary charged leptons.
I. INTRODUCTION
It is now well established from a number of experiments that neutrinos have mass and mix with each other [1] . Various ways to go beyond the standard model (SM) have been proposed in order to accommodate this observation. Among many possibilities [2] [3] [4] [5] , the most popular are the seesaw scenarios in which new particles are introduced that have masses sufficiently large to make the light-neutrino masses small. Needless to say, it is very important to see if models for neutrino masses can be directly tested experimentally. The best way to verify the seesaw mechanism directly would be by observing the heavy particles responsible for generating the tiny neutrino masses [6] [7] [8] [9] . It is widely hoped that this can be realized during the upcoming operation of the CERN Large Hadron Collider (LHC). With a center-of-mass energy of 14 TeV, the pp collisions at the LHC may lead to the discovery of these heavy particles, thereby providing a window to probe the models.
In this paper, the seesaw scenarios of interest are the so-called types I and III, in which the heavy particles responsible for the seesaw mechanism are neutral fermions -the heavy neutrinos [3, 5] . Whether these heavy neutrinos (as well as their charged partners in the case of type III) can be produced and detected at colliders crucially depends on the strength of their interactions with SM particles. Along this line, we will explore particularly the possibility of large mixing between the light and heavy neutrinos, subject to current experimental constraints. We will first consider the popular type-I seesaw for a detailed analysis and then extend the discussion to the context of type-III seesaw.
In the type-I seesaw model the size of mixing between the light and heavy neutrinos, ν and N, respectively, is of order the square root of their mass ratio, (m ν /m N ) 1/2 , with only one generation of the neutrinos. Since the light-neutrino mass must be less than an eV or so, the mixing would be very small, less than 10 −5 even for m N of order 100 GeV. This would make it impossible to test the model at the LHC, even if it is kinematically possible for the heavy neutrinos to be singly produced, such as via the quark-level process′ → W * → lN involving a SM charged lepton l. However, it has been realized for some time that, with more than one generation of light and heavy neutrinos, there are circumstances in which the mixing can be much larger [10] , offering greater hope to test the seesaw mechanism at the LHC. In this paper, we explore this possibility further and consider specific examples in detail in the context of type-I seesaw. We examine its implications for the single production of N at the LHC via the main channel′ → W * → lN. Subsequently we extend the analysis to the situation in the type-III seesaw model, which has richer phenomenology due to presence of the charged partners E of the heavy neutrinos. We then discuss the implications for the single production of these heavy leptons at the LHC, via′ → W * → lN and→ Z * → lE. Interestingly, in type-III seesaw the new kinds of solutions that we find also make it possible to have sizable flavor-changing neutral current (FCNC) effects in processes involving SM charged leptons.
In the type-I seesaw scenario, the seesaw mechanism is realized by introducing right-handed neutrinos that are singlets under the SM gauge groups and can therefore have large Majorana masses [3] . For one generation of light and heavy neutrinos, ν L and N R , the relevant Lagrangian describing their masses is given by
where Y D is the Yukawa coupling,H = iτ 2 H * with τ 2 being the usual second Pauli matrix and
T is the left-handed lepton doublet, M N is the Majorana mass of N R , and (N R ) c denotes the charge conjugate of N R . The Dirac mass in this case is therefore m D = vY D / √ 2. With more than one generation of light and heavy neutrinos, the resulting mass terms can be expressed as
with the seesaw mass matrix
where now ν L and N R are column matrices and m D and M N are square matrices, M N also being symmetric. Without loss of generality, in what follows we work in the basis where M N is already diagonal and real, unless otherwise indicated.
One can write the weak eigenstates ν L and (N R ) c in terms of the mass eigenstates ν mL and N mL as
Thus U is unitary and diagonalizes M seesaw ,
where for three generationŝ
On the other hand, the block matrices U νν , U νN , U N ν , and U N N are not unitary. Assuming that the nonzero elements of M N are all much larger than those of m D , and expanding in terms of
N , one then finds to leading order
U νν having small deviations from unitarity, and the reduced light-neutrino mass matrix
Since U νν is nearly unitary and plays the role of U PMNS in a theory with only three light neutrinos, for numerical analysis we will take U νν to be U PMNS .
In terms of the weak eigenstates, the neutrinos couple to the gauge and Higgs bosons in the SM according to
where c w = cos θ W . In the mass-eigenstate basis, given in Eq. (4), one can rewrite L ′ as
using the relations U
. The equations for L ′ above indicate that, although the heavy neutrinos N R do not directly have SM gauge interactions, through mixing they can interact with the SM gauge bosons. In particular, N couples to W , Z, or h at tree level, as can be seen from Eq. (11) . Consequently, N can be singly produced via the quark-level processes′ → W * → lN and→ (h * , Z * ) → νN, the former with a charged lepton l in the final state being easier to observe. This implies that the LHC can, in principle, test the seesaw mechanism for N-mass values up to a TeV or so. Since all these N-production processes depend on the elements of U νN , their size plays a crucial role as far as the testability of the seesaw mechanism is concerned. In Fig. 1 , we show the cross section of pp → lNX (solid curve) as a function of m N for pp center-of-mass energy of √ s = 14 TeV, with the U νN element associated with the W lN coupling set to unity. It is therefore interesting to examine how large the elements of U νN can be, taking into account constraints from existing experimental data, especially the light-neutrino masses. This we will do in the next section.
From Eq. (11), one can also extract the couplings of N to SM particles in order to evaluate the rates of its decay modes. We have collected the formulas for the dominant modes in Appendix A, which each depend on the elements of U νN . We will illustrate this dependence in the examples studied in the next section. Thus, once N is discovered, one may gain additional information about neutrino mixing patterns by studying its individual decays and their branching ratios. 
II. SMALL LIGHT-NEUTRINO MASSES AND LARGE LIGHT-HEAVY MIXING
With only one generation and the requirement m N ≫ |m D | for the N mass, the lightneutrino mass is given by m ν = −m 2 D /m N at leading order, which explains why the lightneutrino mass is much smaller than the mass of its charged-lepton partner. For one generation, the mixing between the light and heavy neutrinos has a magnitude of
2 is large enough, the heavy neutrino N may be produced at the LHC. However, with the light-neutrino mass constrained to be less than O(1 eV), the size of U νN is bounded by 10 −5 (100 GeV/m N ) 1/2 . Hence the mixing is extremely small, even with m N as low as 100 GeV. With such small mixing, it is not possible to produce enough number of heavy neutrinos to study its properties at the LHC. This may lead one to think naively that it is not possible to test type-I seesaw at the LHC. However, before drawing such a conclusion, one should make sure that with more than one generation the elements of U νN are always constrained to be as small as that with just one generation. We find that this is not generally true and that it is possible to have large enough U νN such that testing the seesaw mechanism at the LHC can be achieved.
With more than one generation, from Eqs. (7) and (8) we have the leading-order relation
Thus, if there is a nontrivial solution for U νN which makes the right-hand side vanish exactly, the elements of U νN can be large and evade the constrain |U νN | 2 = m ν /m N in the one-generation case [10] . We will denote such a solution by U 0 . Once U 0 is found, one should of course make sure that by adding a perturbation U δ to U 0 , so that U νN = U 0 + U δ , one can obtain the lightneutrino masses and mixing. As we discuss below, such solutions indeed exist. In the following we will work with three generations of light and heavy neutrinos.
Let us first consider what the rank of U 0 must be that can yield the right solutions. We find it convenient to work in the basis where U 0 is already diagonalized. In that case, M N generally is not diagonal. Since M N must be of rank three in order that the three heavy neutrinos have nonzero masses, the rank of U 0 must not be more than two, for otherwise the determinant of U 0 M N U T 0 would not be zero in contradiction with the assumption U 0 M N U T 0 = 0. It turns out that U 0 of rank two is also problematic. Writing the diagonal form of U 0 asÛ 0 = diag(a, b, 0), we haveÛ
where M ij are the elements in M N , which is symmetric. Since M N is of rank three, M 12, 11, 22 cannot all be simultaneously zero. This implies that, if we keep at least one of a and b nonzero, we have two types of nontrivial solutions with necessary and sufficient conditions: (1) b = 0, M 11 = 0 and (2) a = 0, M 22 = 0. We conclude that U 0 must be a rank-one matrix. This type of texture for the mass matrix can be made stable by imposing symmetries [10, 12] .
Next we derive the general expression for U 0 which has rank one and satisfies
whereM N = diag(M 1 , M 2 , M 3 ) as before. Without loss of generality, the diagonal form of U 0 can be chosen to beÛ 0 = diag(û, 0, 0), withû being some constant. This is related to the nondiagonal U 0 by the biunitary transformation U 0 = V ′Û 0 V , where V and V ′ are 3×3 unitary matrices. As a consequence, U 0 andÛ 0 share the same rank. Denoting the elements of
kl , we then arrive at
where κ is a proportionality constant, κa =ûV
, and κc =ûV ′ 31 . Since this U 0 has to satisfy Eq. (14), we use the relation
T , which is clearly symmetric and generally nondiagonal. As shown in the preceding paragraph, this implies that the (1,1) element of M N must vanish, M 11 = 0, which translates into
Thus, with V 11 , V 12 , and V 13 required to fulfill this condition, Eq. (15) has the desired expression for U 0 in terms of the parameters a, b, and c, which are to be fixed from experimental data.
To illustrate that one can find U 0 of the form in Eq. (15) that yields large light-heavy mixing while simultaneously satisfying constraints from various measurements, we find it convenient to consider specific examples. Accordingly, in the rest of this section we work in the basis in which M N is diagonal, writing
where we have regarded m N as representative of the mass scale of the heavy neutrinos, and so can take it to be the lightest of M 1,2,3 . Then, choosing the appropriate V 11, 12, 13 in Eq. (15) 
where we have factored out the diagonal matrix R in order to maintain the form of U 0 in cases where the heavy neutrinos are nondegenerate. In our numerical examples, we will use in particular only U a 0 and U d 0 , although the other options would also be possible. We remark that it may sometimes be necessary to use trial and error in order to determine the right choice of U 0 , with a, b, and c being subject to experimental constraints that are relevant in specific circumstances.
We now show explicitly that one can find solutions for U νN which satisfy all experimental data on light neutrinos by adding a perturbation matrix U δ given by
Since
When trying to find solutions, one should keep in mind that δ ij as perturbations should be much smaller than a, b, and c, while the size of (a, b, c)δ kl M i is set by the light-neutrino masses. One can neglect the last term, (20) compared with the first two terms. In case the combination of the first two terms in Eq. (20) A. Solutions with one of the light-neutrino masses being zero
we haveŪ
Taking, for example, 
Solving m 12 = m 23 = 0 first, we get
It follows that, for m 13 to vanish as well and nontrivial solutions be found, one of the lightneutrino masses has to be zero. Accordingly, we find two possible solutions:
corresponding to the (i) normal hierarchy (m ν 1 < m ν 2 ≪ m ν 3 ) and (ii) inverted hierarchy (m ν 3 ≪ m ν 1 < m ν 2 ) cases, respectively. One can also obtain m ν 2 = 0 solutions withδ replaced byδ 11 +δ 12 +i √ 2δ 13 , but these solutions are phenomenologically unacceptable because ∆m [13] , implying that m ν 2 cannot be zero. Before providing some numerical examples, we first note that m ν 2 = −2bδ m N in both cases (i) and (ii). This leads to
Since our purpose is to illustrate that large elements in U νN are possible, when necessary we take a relatively large numberb = 0.01 in numerical calculations. We also note that some of thē δ ij do not play a role in the final determination of the masses, and so for the simplest solutions we can choose the nonzeroδ's to
For demonstration, in the following we will present solutions using the central values of ∆m 
determined by a recent fit to global neutrino data [13] , and U PMNS in the tri-bimaximal form [14] 
Thus, using the relations in Eqs. (21) and (23), we get
as possible solutions for U νN = U 0 +U δ , with U 0 = U a 0 and the other δ's vanishing, corresponding to the (i) normal hierarchy (m ν 1 = 0, m ν 2 = 0.00875 eV, m ν 3 = 0.049 eV) and (ii) inverted hierarchy (m ν 1 = 0.049 eV, m ν 2 = 0.0498 eV, m ν 3 = 0) cases, respectively. These examples show indeed that large mixing of light and heavy neutrinos can be found and at the same time small neutrino masses are maintained.
In Appendix B we also provide, using the empirical U PMNS , the counterparts of the numbers in Eqs. (30) and (31), showing that solutions can also be found in the more general case. As expected, the two sets of results are numerically similar to each other.
B. Solutions with all light-neutrino masses being nonzero
In the previous examples, one of the light neutrinos is massless. We find that if one allows another correction matrix, U αβγ , whose elements are of order [(a, b, c) 
1/2 , one can obtain solutions for both the normal and inverted hierarchies, with all the three light-neutrino masses being nonzero.
For instance, we consider 
leading tom
The resulting solutions involve simple expressions:
with the otherδ ij having been set to zero.
For numerical illustrations, we again adopt U PMNS = U tribi and the central values of neutrino data quoted above and choose m ν 2 = 0.1 eV. Employing the relations in Eqs. (21) and (32) between the barred and unbarred quantities, for We have again collected in Appendix B the corresponding numbers obtained using the empirical U PMNS , demonstrating that solutions can also be found in the general case. The resulting numbers in Eqs. (B3) and (B4) are as expected similar to those in Eqs. (37) and (38).
C. Some implications for probing type-I seesaw at the LHC We have seen above that the elements of U νN can be large and simultaneously satisfy the constraints from the tiny neutrino masses. There are two other classes of processes which also provide constraints on the U νN elements. The first involves neutral currents conserving lepton flavor and can be used to test deviations from the SM predictions for electroweak precision observables [15] . They have been measured mainly at LEP [1] , and for type-I seesaw the bounds extracted from the data [9, 15] . The second class of processes consists of FCNC transitions in the charged-lepton sector. Although in type-I seesaw there are no FCNC processes involving ordinary charged leptons at tree level, loop-induced ones can occur, such as the radiative decays µ → eγ, τ → eγ, and τ → µγ. For type-I seesaw, the constraints determined from the measurements of these FCNC transitions are [15, 16] , obviously the first one being very restrictive. In view of these bounds, we find that for the solutions given in Eqs. (23) and (32) the elements of U νN can be as large as 0.01. However, there are other types of solutions which we obtain in the next section for type-III seesaw that also work for type-I seesaw and can better evade these constraints. Choosing, for example, U 0 of the form U e 0 given in Eq. (59), we can easily see that all the constraints above are satisfied by the nonzero elements of U νN having size up to 0.04.
We can then first takeb ∼ 0.01 in the cases with one of the light neutrinos being massless or a ∼ 0.01 in the cases with all of the light-neutrino masses being nonzero. With this choice, the elements of U νN in the examples treated above are at most of order 0.01. We can now consider how such numbers translate into the production of N at the LHC. Specifically, we concentrate on the production channel′ → W * → lN, as it involves a light charged lepton l, which makes the signal more detectable.
We have explored the cross section σ for pp → lNX arising from′ → W * → lN at pp center-of-mass energy of √ s = 14 TeV. For the parton distribution functions, we employ those provided by Ref. [17] . The resulting plot as a function of the N mass is already shown in Fig. 1 . It indicates that, with U νN elements of order 0.01, heavy neutrinos having masses as large as m N = 115 GeV can be produced at a cross section of at least 1 fb. With the U νN elements allowed to have the larger size of 0.04 instead, still consistent with the experimental bounds, cross-section values higher than 1 fb can be reached for m N up to 250 GeV. Moreover, with 100 fb −1 of integrated luminosity, the production of over 3000 heavy neutrinos having a 100-GeV mass is possible, the number of events dropping to a few for m N = 600 GeV. A recent analysis including background estimates suggests that neutrinos of masses up to 150 GeV can be observed at the LHC with 30 fb −1 luminosity [7] .
If the LHC does observe the heavy neutrinos, it will be interesting to study their decay rates and branching ratios to gain more information about the light-heavy and/or light-neutrino mixing, as well as the light-neutrino masses. As the expressions collected in Appendix A indicate, the rates can reveal some information about the size of the light-heavy mixing parameterized by U νN . If this mixing is small, U νN will be related tom ν and U PMNS by Eq. (12) , and so the information on U νN may in turn reveal something about the light-neutrino masses and mixing. In the case of large light-heavy mixing treated in this paper, the dominant part of U νN is decoupled from the light-neutrino masses. In that case, one can nevertheless still learn something about the neutrino masses, besides the light-heavy mixing, by examining the branching ratios. Their expressions for the dominant decays can be derived from Appendix A. We have plotted them in Fig. 2 for the examples given in this section. We remark that the curves belonging to the νZ and νh modes have been obtained after summing over contributions with ν 1,2,3 in the final states, and that in the top four plots the different heavy neutrinos N 1,2,3 have the same branching ratios, whereas in the bottom four plots only N 2,3 have the same branching ratios, with the N 1 branching ratios not shown due to its decay widths being negligible. The graphs in Fig. 2 illustrate that different patterns of the values of the U νN elements generally translate into different patterns of the branching ratios. Moreover, studying the branching ratios could also uncover what type of mass hierarchy the light neutrinos might have.
III. TYPE-III SEESAW AND FCNC INVOLVING LIGHT CHARGED LEPTONS
Most of the analysis of the preceding section can be applied to the seesaw scenario of type III. However, in the type III there are also new heavy charged-leptons associated with the heavy neutrinos [5] . This new feature leads to some additional interesting implications concerning the possibility of large mixing between the light and heavy neutrinos, which we deal with here. Branching ratios B of N → lW (solid curves), N → νZ (dashed red curves), and N → νh (dotted blue curves) as functions of the N mass for the sample solutions of U νN found in type-I seesaw and Higgs masses m h = 115 and 300 GeV. The top (bottom) four plots correspond to the examples with one (none) of the light neutrinos being massless, in either the normal (i) or inverted (ii) hierarchy case. Each black solid curve belongs to N → eW , whereas a green (gray) solid curve represents both N → µW and N → τ W , which are equal in branching ratio.
In type-III seesaw the SM-singlet neutrinos in type-I seesaw are replaced by weak-SU(2) L triplets of right-handed heavy leptons having zero hypercharge [5] . The component fields of each triplet Σ and its charge conjugate Σ c = CΣ
and the renormalizable Lagrangian for each Σ is given by
where D µ is a covariant derivative involving the weak gauge bosons, M Σ the mass matrix of the triplet, and Y Σ the Yukawa-coupling matrix. Defining E = (E + R ) c + E − R and removing the would-be Goldstone bosons η and φ ± , one can rewrite L III as
where
is the usual linear combination of the photon and Z-boson fields, N R = N, and E
From this Lagrangian, one can easily identify the terms for the lepton masses. For three generations, the neutrino-mass matrix has the seesaw form given by
and the charged associates of the heavy neutrinos mix with the SM charged leptons resulting in the mass-matrix term
where Y Σ , M Σ , and m l are now 3×3 matrices and ν, N, l, and E are 3×1 (column) matrices. Without loss of generality, from this point on, we work in the basis in which M Σ and m l are already real and diagonalized:
One can diagonalize the (6×6) mass matrices by transforming from the weak eigenstates to mass eigenstates using the relations
where U L,R and U are (3+3)-by-(3+3) unitary matrices if three triplets are present and can be expressed as
From the diagonalization calculation, we derive to second order in
From L III in the mass-eigenstate basis, one can then write down the relevant terms describing the interactions of the heavy leptons N and E with the SM gauge and Higgs bosons. The terms for the interactions of N are the same as those in the type-I seesaw covered earlier. The corresponding interactions of E, at leading order, are described by
Using these couplings, one can derive the expressions for the rates of the dominant decay modes of N and E, which we have collected in Appendix A. In terms of the mass eigenstates, L III also contains the interactions of the light charged leptons with the Z and Higgs bosons. To first order in ǫ, one has
It is evident from this Lagrangian that the off-diagonal elements of ǫ are new sources of treelevel FCNC's in the charged-lepton sector. There are also tree-level FCNC's involving the light neutrinos arising from their couplings to Z and h in Eq. (11) in type-I seesaw and the corresponding ones in type-III seesaw, but these interactions are difficult to observe and thus will not be discussed further. We note that the results in Eqs. (46)- (51) agree with those given in Ref. [19] .
The effects of the off-diagonal elements of ǫ on a variety of processes involving charged leptons have been evaluated in Refs. [18] [19] [20] [21] . The FCNC processes studied include
, and muoniumantimuonium oscillation, with M denoting a meson. Some of the existing experimental data on these transitions yield strict bounds on the off-diagonal elements of ǫ. The strongest constraint on ǫ 12 was found to be |ǫ 12 | < 1.7×10 −7 from µ-e conversion in atomic nuclei [19] . Lepton-flavor violating processes involving the τ provide very stringent bounds on ǫ i3 . Specifically, τ → π 0 e and τ → µμµ yield |ǫ 13 | < 4.2 × 10 −4 and |ǫ 23 | < 4.9 × 10 −4 , respectively [20] .
With these constraints from FCNC transitions, plus constraints from the tiny neutrino masses, it is of interest to explore if the type-III seesaw scenario can still generate the mixing of light and heavy neutrinos, as parameterized by U νN , that is large enough to be measurable at the LHC, as in the type-I case. It is also of interest to find solutions for U νN that do not give rise to certain ǫ ij that are too suppressed so as to make the corresponding FCNC processes too small to probe.
For our first trial solutions, we use the results from the previous section. Upon comparing the heavy-neutrino sector in type-III seesaw above with that in type-I seesaw in the preceding section, one can see that they are very similar. Consequently, we can directly import here for type-III seesaw the numerical solutions given in Eqs. (30), (31), (37), and (38), which we subsequently use to obtain the matrix ǫ = U νN U † νN . Thus, neglecting the small corrections U δ and U αβγ , we have for the cases with one of the light-neutrino masses vanishing 
(ii) ǫ = 
corresponding to Eqs. (37) and (38), respectively.
In all these four cases, we notice that ǫ 12 , ǫ 13 , and ǫ 23 have the same order of magnitude. This implies that the most stringent constraint on ǫ ij from µ-e conversion, |ǫ 12 | < 1.7 × 10 −7 , would translate into ǫ 13 and ǫ 23 values that are less than 10 −6 for all the cases above. Such constraints, being much smaller than those obtained from τ → π 0 e and τ → µμµ, would make studies of FCNC's in τ decays uninteresting.
Here we would like to point out that it is possible to find solutions for U νN that produce ǫ 12 which is very small and, at the same time, ǫ 13,23 which are close to current experimental bounds.
We give first an example with large ǫ 13 and then another with large ǫ 23 . As in the previous section, to illustrate each of these cases we employ Eq. (15) for the form of U 0 , choosing the appropriate V 11,12,13 subject to Eq. (16) and adjusting κ, with the values of a, b, and c being fixed from experimental data.
In discussing our examples below, we adopt again the tri-bimaximal form U PMNS = U tribi . We find as a consequence that the general, symmetric form of the light-neutrino mass matrix
resulting in the eigen-masses The results are
with the eigen-masses given bŷ
and so this is an inverted-hierarchy case with m ν 3 = 0. Numerically, equating the other two eigen-masses to m ν 1 = 0.049 eV and m ν 2 = 0.0498 eV, we extract
Thus, the constraint |ǫ 23 | = |ǫ µτ | < 4.9 × 10 −4 from τ → µμµ decays translates into |a| √ r 2 + r 3 < 2.2 × 10 −2 .
B. Solutions with suppressed ǫ 12 and large ǫ 13
For the example with large ǫ 13 , we find that choosing
yields the desired results. 
in the inverted-hierarchy case (with m ν 1 = 0.0996 eV and m ν 3 = 0.0867 eV). These numbers lead to, respectively,
1 We remark that U 
The bound |ǫ 13 | = |ǫ eτ | < 4.2×10 −4 from τ → π 0 e decays then implies |a| √ r 2 + r 3 < 2.0×10
in the two cases.
C. Some implications for testing type-III seesaw at the LHC
We have shown that, with the constraints from FCNC transitions as well as from the tiny neutrino masses, the elements of U νN can still be large enough to be measurable at the LHC. As mentioned earlier, there are also constraints from the electroweak precision data (EWPD) obtained by measurements of processes involving neutral currents that conserve lepton flavor. For type-III seesaw, these EWPD bounds [9, 15] . Clearly, these are none other than constraints on the diagonal elements of ǫ = U νN U † νN . For the examples above, with ǫ given in Eqs. (63), (67), and (68), the EWPD bounds translate into |a| √ r 2 + r 3 < 1.9 × 10 −2 , which is comparable to the numbers from FCNC constraints. Assuming that r 2 ∼ r 3 = O(1), we conclude that |a| < ∼ 0.01. We can now consider how this result translates into the production of N and E at the LHC. Entertaining the possibility of large light-heavy mixing, we again focus on the single production of these heavy leptons. For N, the main channel pp → lNX arising from′ → W * → lN in this case is the same as that in type-I seesaw, and the cross section is already graphed in Fig. 1 . For definiteness, we take r 2 = r 3 = 1. Accordingly, with the nonzero elements of U νN being of order 0.01, the production cross-section exceeds 1 fb for masses up to m N = 115 GeV. Furthermore, 100 fb −1 of integrated luminosity can yield about 200 heavy neutrinos having a 100-GeV mass and at least a few of them with m N = 300 GeV.
The heavy charged lepton E can also be produced through the mixing via→ (Z * , h * ) → l ± E ∓ and′ → W * → νE if the U νN elements are sizable. The Lagrangian containing the relevant interactions is given in Eq. (50). With a light charged lepton in the final state, the detection of the lE channel would be easier, and so we focus on it. Thus, we calculate the cross-section of pp → lEX, and the result is indicated by the dashed curve in Fig. 1 , where the U νN element associated with the ZlE coupling has been set to unity in the cross section. This cross section is seen to be comparable to that of pp → lNX. With the nonzero elements of U νN being 0.01 in size, the pp → lEX cross-section stays bigger than 1 fb for masses up to m E = 115 GeV. With 100 fb −1 of integrated luminosity, the production of more than 200 E's of 100-GeV mass is possible and at least a few of them having m N = 300 GeV.
We should also mention that, since the heavy leptons in type-III seesaw have gauge interactions, they can be pair produced at the LHC through→ Z * → E + E − and′ → W * → NE. [8, 9] . It has been shown that the heavy leptons with masses as large as 1 TeV may be discovered using these modes [8, 9] . In the case of small light-heavy mixing, the decay vertex of a heavy lepton will be detectably displaced from its production point, and this can serve as a distinguishing clue for the small mixing, as the vertex displacement is unlikely to be observable if the mixing is large. Also, as pointed out earlier in the type-I case, with small light-heavy mixing in type-III seesaw there is a correlation between the decay rates of the heavy leptons and the light-neutrino mixing and masses [22] . This correlation will be changed if the light-heavy mixing is large. In that case, the single-production channels, lN and lE, discussed above can provide complementary information about the nature of their interactions.
If the LHC does discover the heavy leptons, studying their decay rates and branching ratios will reveal various information about type-III seesaw, such as the light-heavy mixing, lightneutrino mixing, and light-neutrino masses. The relevant formulas for the dominant decay modes can be found in Appendix A. We display in Figs. 3 and 4 the branching ratios of N and E for the examples treated in this section. We note that the curves belonging to the νW modes have been obtained after summing over contributions with ν 1,2,3 in the final states, and that certain modes are absent from the plots because the U νN elements associated with them are zero or vanishingly small. As in the type-I case, these graphs illustrate that evaluating the branching ratios could uncover some information on the light-heavy mixing and the light-neutrino mass hierarchy.
IV. CONCLUSIONS
In this paper we have explored the possibility of large mixing between the light and heavy neutrinos in the seesaw scenarios of types I and III, taking into account constraints from existing experimental data and considering its implications for testing the models at the LHC. With just one generation of the neutrinos, it is not possible to have light-heavy mixing that is sufficiently large to allow the type-I seesaw model to be directly tested at colliders. However, with more than one generation of light and heavy neutrinos, the mixing can be much larger in certain special circumstances, providing more hope for probing the models at the LHC. We have investigated this possibility further and presented specific examples in detail.
We have shown that for more than one generation, if the Dirac mass matrix m D has rank one and the Majorana mass matrix M N of the heavy neutrinos has rank three with the appropriate texture, it is possible to have all the three light neutrinos being massless with a nontrivial m D . The elements of m D are therefore unconstrained by the light-neutrino masses. With small corrections added to this special form of m D , it is possible to reproduce the experimental data on neutrino masses and mixing.
In the type-I seesaw model, we have provided some examples for light-heavy mixing as large as allowed by current experimental constrains and considered its impact on the production of the heavy neutrinos at the LHC. Focusing on the main channel′ → W * → lN, we have found that heavy neutrinos of masses up to 250 GeV can be produced by pp → lNX with a cross section above 1 fb. Moreover, with 100 fb −1 of integrated luminosity, the production of over 3000 neutrinos having 100-GeV mass is possible.
In the type-III seesaw model, the introduction of heavy weak-SU(2) L fermion triplets makes the phenomenology richer. New FCNC transitions involving ordinary charged leptons can occur , N → νZ (dashed red curves), and N → νh (dotted blue curves) as functions of the N mass for the sample solutions of U νN found in type-III seesaw and Higgs masses m h = 115 and 300 GeV. The top two (bottom four) plots correspond to the examples with one (none) of the light neutrinos being massless, in either the normal (i) or inverted (ii) hierarchy case. In the top two plots, each green solid curve belongs to both N → µW and N → τ W , which are equal in branching ratio. In the bottom four plots, each black solid curve refers to N → eW and each green (gray) solid curve to only N → τ W .
at tree level because of their interactions with the Z boson. These FCNC processes lead to strong constraints on the light-heavy mixing parameterized by U νN . If the FCNC parameters calculated from U νN are all of the same order of magnitude, the experimental bound on µ-e conversion renders FCNC decays of the τ lepton too small to observe. This also makes it unlikely for the LHC to detect singly-produced heavy leptons of the model, N and E. We have found that it is possible to have solutions for the light-heavy mixing which result in suppressed µ-e conversion, but large FCNC τ transitions, and at the same time allow significant production of the heavy leptons at the LHC. Branching ratios B of E → lZ (solid curves), E → νW (dot-dashed blue curves), and E → lh as functions of the E mass for the sample solutions of U νN found in type-III seesaw and Higgs masses m h = 115 and 300 GeV. The top two (bottom four) plots correspond to the examples with one (none) of the light neutrinos being massless, in either the normal (i) or inverted (ii) hierarchy case. In the top two plots, each red solid curve belongs to both E → µZ and E → τ Z, which are equal in branching ratio, whereas each green dotted curve belongs to both E → µh and E → τ h, also equal in branching ratio. In the bottom four plots, each black (red [gray]) solid curve corresponds to E → eZ (E → τ Z) and each brown dashed (green dotted) curve to E → eh (E → τ h).
In type-III seesaw the main channels for single production are′ → W * → lN and→ Z * → l ± E ∓ , corresponding to pp → lNX and pp → lEX at the LHC. We have found in this case that the cross-sections of the two are comparable. Thus both N and E can be produced with cross sections higher than 1 fb for masses up to 115 GeV. With 100 fb −1 of integrated luminosity, the production of more than 200 of these heavy leptons having a mass of 100 GeV is possible. All our estimates above in both seesaw scenarios of types I and III suggest that there are interesting prospects for discovering these heavy particles at the LHC and should give further motivation for carrying out dedicated experimental searches of them.
Last but not least, we have also discussed the significance of studying the decay rates and branching ratios of the heavy leptons in the seesaw scenarios with large light-heavy mixing. This will become important once the LHC has seen the heavy leptons. By examining the rates and branching ratios, one can gain some information about the light-heavy and/or light-neutrino mixing, as well as the light-neutrino masses. To help illustrate this, we have presented a number of plots of the dominant branching ratios of the heavy leptons for the solutions given in our examples.
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Appendix A: Heavy-lepton partial decay widths
In type-I seesaw, one can extract from Eq. (11) the couplings of each heavy neutrino N to SM particles. For the N decay modes expected to be dominant, if kinematically allowed, one can then derive the partial widths
having made use of the Majorana nature of ν and N, as well as the relations m W = c w m Z = gv/2. It follows that, since U †
N = ǫ ′ , the sum of widths Σ j=1,2,3 Γ(N i → l j W ) is independent of the individual elements of U νN . The same is true for Σ j Γ(N i → ν j Z) and Σ j Γ(N i → ν j h). Furthermore, in the large-mixing case under consideration, where U νN becomes decoupled from the light-neutrino masses, the widths are also independent of them.
In type-III seesaw, the couplings of N to SM particles are the same as those in the type-I case, and therefore the rates of the dominant decay modes are also given by Eqs. (A1)-(A3). For the heavy charged leptons E, the corresponding rates are
As with the N rates, the sums j Γ(E
, and j Γ(E + i → l + j h) are independent of the individual elements of U νN . Our results above for the N and E widths agree with those given in Ref. [8, 9] .
To gain further information on the detectability of N and E at the LHC in the large-mixing case, we can consider how far they may travel in the center-of-mass (c.m.) frame after being singly produced and before decaying. This requires knowing their lifetimes, which can be estimated by employing Eqs. (A1)-(A6), along with the numerical values of U νN elements found in our examples. We also need the speeds of N and E in the c.m. frame corresponding to the largest energy available, which is 7 TeV, and the smallest m N,E values above their decay thresholds, as we look for the largest distances that N and E can travel. Putting together the numbers and avoiding m N values close to the N → eW threshold, which could lead to an arbitrarily small total-width, we find that for m N > 83 GeV the distances traveled by N are less than 10 −5 cm in either type-I or -III seesaw. Similarly, excluding m E values close to the E → νW threshold, we find that the distances traveled by E are below 10 −4 cm for m E > 81 GeV. We conclude that, for the examples considered in this paper, N and E are highly likely to decay well inside the detector. For comparison, in the case of small light-heavy mixing, N and E in type-III seesaw can typically travel up to a few or tens of centimeters [8] .
Appendix B: Solutions in type-I seesaw with general U PMNS We provide here, using U PMNS obtained from experimental data, the numerical counterparts of Eqs. (30), (31), (37), and (38), which were calculated using U tribi in Eq. (29). For numerical input relevant to U PMNS and the light-eutrino masses, we adopt the central values of ∆m −0.011 , obtained from a recent fit to global neutrino data [13] . For the resulting U PMNS , we keep the same sign convention as that for U tribi . It is worth remarking that all the elements of U tribi agree with the corresponding ones of the empirical U PMNS within 1.5σ.
Thus, if one of the light-neutrino masses vanishes, we find as possible solutions for U νN = U 
